Abstract. In this paper, vertex representations of the 2-toroidal Lie superalgebras of type D(m, n) are constructed using both bosonic fields and vertex operators based on their loop algebraic presentation.
Introduction
Let g = g 0 + g 1 be a finite dimensional complex simple Lie superalgebra under the Lie superbracket, and let R be the algebra of Laurent polynomials in ν commuting indeterminates. By definition, the ν-toroidal Lie superalgebra associated to g is the perfect universal central extension of the loop Lie-superalgebra L(g) = g ⊗ R, equivalently, one can realize it as certain homomorphic image of the universal central extension T (g) = g ⊗ R + Ω R /dR, where Ω R /dR is the Kähler differential of R modulo the exact forms.
Representations of toroidal Lie algebras have been actively studied and a lot of known constructions for classical affine Lie algebras [3] have been extended to the toroidal setting. In [16] Moody, Rao and Yokonuma gave the loop algebra realization of the 2-toroidal algebras and constructed vertex representation for the simply laced types. Vertex operator representations of toroidal Lie algebras in type B were given in [18] , and then generalized to multi-loop toroidal Lie algebras of the same type in [7] . A uniformed fermionic construction of the 2-toroidal algebras of the classical types were given by Misra and the authors [9] and subsequently a general bosonic construction was realized in [10] . Moreover, representations of the universal toroidal Lie algebras have been studied in [1] . A Wakimoto type realization was also given for the toroidal Lie algebra in type A in [2] using noncommutative differential operators (see [8] for an earlier construction for type A 1 ) was also given.
The study of toroidal super Lie algebras is more involved and requires new method to treat the odd subalgebra. Based on Kac-Wakimoto's work on the affine algebras, Rao constructed vertex representations for the toroidal general linear superalgebra in [17] . The authors have showed a MRY-type presentation for the 2-toroidal Lie superalgebras, and constructed the unitary and orthosymplectic series by means of free fields in [10] based upon the well-known constructions of Lie superalgebras [3, 4] in level one. Moreover, a new vertex representation for 2-toroidal special linear superalgebra was also given in [11] . However, it is not known if other constructions of the toroidal Lie algebras such as the generalized Feingold-Frenkel construction given in [7] can be lifted to the super situation.
In this paper, we use vertex operators to realize the even part of the orthosymplectic toroidal Lie algebra and bosonic operators for the remaining portion and then combine these two types of operators to construct the whole algebra. In particular, we have generalized the level −1 construction of the orthogonal and symplectic affine Lie algebras [7] to the super case. Our method is a natural generalization of [11] given the close relationship between orthosymplectic superalgebras and classical Lie algebras.
The paper is organized as follows. In section 2 we recall the notion of 2-toroidal Lie superalgebras of type D(m, n) and the loop-algebra presentation. In section 3 we use certain vertex operators and Weyl bosonic fields to give a level −1 representation of the Lie superalgebras.
Toroidal Lie superalgebras of type D(m, n)
For two fixed natural numbers m, n ∈ N, let V = V 0 ⊕ V 1 be the super vector space with dimV 0 = 2m, dimV 1 = 2n. The super-endomorphisms of V form the general linear superalgebra gl(2m|2n) under the superbracket given by
|f |·|g| gf for homogeneous linear operators f, g. Let ( · | · ) be a non-degenerate bilinear form on V such that (V 0 |V 1 ) = 0, and the restriction of (·|·) to V 1 is symmetric and the restriction to V 0 is skew-symmetric. For α = 0, 1, let
Let us denote the Lie superalgebra D(m, n) by g, and let R = C[s ±1 , t ±1 ] be the complex commutative ring of Laurant polynomials in s, t. The loop Lie superalgebra L(g) := g ⊗ R is defined under the Lie superbracket
Let Ω R be the R-module of Kähler differentials {bda|a, b ∈ R} and dΩ R be the space of exact forms. The quotient space Ω R /dΩ R has a basis consisting of s −1 t k ds, s l t −1 dt, where k, l ∈ Z. Here a denotes the coset a + dΩ R . The toroidal superalgebr T (g) is defined to be the Lie superalgebra on the following vector space:
and the parity is specified by:
Let A = (a ij ) be the extended distinguished Cartan matrix of the affine Lie superalgebra of type D(m, n) (1) 
and Q = Zα 0 ⊕ · · · ⊕ Zα m+n be its root lattice. The odd simple root is α n . The standard invariant form is then given by (α i , α j ) = d i a ij , where
Note
for non-isotropic roots. To organize the commutation relations for toroidal Lie algebras, we use formal series. The formal delta function is defined by δ(z−w) = n∈Z z −n−1 w n , which can be formally viewed as a sum of two power series expanded at opposite directions. For this purpose we denote that
where i z,w means that the power series is expanded in the domain of |z| > |w|. Subsequently one has that [12] :
where ∂ (j) w = ∂ j w /j!. By convention if we write a rational function in the variable z − w it is usually assumed that the power series is expanded in the region |z| > |w|.
The following loop algebra presentation of the 2-toroidal Lie superalgebras was proved in [10] .
Theorem 2.1. The toroidal Lie superalgebra T (D(m, n)) is isomorphic to the Lie superalgebra T(A) generated by
with parities given as :
subject to the following relations
where we have used the generating series
Note that all brackets in the relations are understood as super-brackets.
Representations of toroidal Lie superalgebras
This section is devoted to realization of the toroidal Lie superalgebra of D(m, n) using both bosonic fields and vertex operators.
Let ε i (0 i n + m + 1) be an orthomormal basis of the vector space C n+m+2 and δ i = √ −1ε n+i (1 i m + 1), then the distinguished simple root systems, positive root systems and the longest distinguished root of the Lie superalgebra of type D(m, n) can be represented in terms of vectors ε i 's and δ i 's as follows.
Let c = ε 0 + δ m+1 and define α 0 = c − θ, β = −c + ε 1 , then α 0 = −β − ε 1 . Note that (β|β) = 1, (β|ε i ) = δ 1,i . Let P be the vector spaces spanned by the set {c, ε i |1 i n + m} and P * be its dual space. Let C = P ⊕ P * and define the bilinear form , on C as follows: for a, b ∈ P
Let A(Z 2n+2m+2 ) be the Weyl algebra generated by {u(k)|u ∈ C, k ∈ Z} with the defining relations:
We define the representation space of A(Z 2(n+m+1) ) by
where a i runs though a fixed basis in P, consisting of, say c and ε i 's. The algebra A(Z 2(n+m+1) ) acts on the space by the usual action: a(−k) acts as a creation operator and a(k) an annihilation operator.
For u ∈ C, we define the formal power series with coefficients from the associative algebra A(Z 2(n+m+1) ):
which is a bosonic field acting on the Fock space F.
Proposition 3.1.
[9] The bosonic fields satisfy the following communication relation:
Let L = Zε 1 ⊕ · · · ⊕ Zε m+n and h = L ⊗ Z C be its complex hull. We view h as an abelian Lie algebra and define its central extension
with the following Lie multiplication:
where α(k) = α ⊗ t k and α, β ∈ L; k, l ∈ Z. Let h ± = k∈Z + h ⊗ t ±k and S( h − ) the symmetric algebra of h − . We give S( h − ) an h + ⊕ h − ⊕ Cc-module structure by letting α(−k) act as the multiplication by α(−k) for k > 0, α(k) the derivation determined by α(k) · β(−l) = δ k,l k(α, β) for k, l > 0 and c the identity operator.
be the cocycle satisfying F (0, α) = F (α, 0) and
Let C[L] be the complex vector space spanned by the basis {e γ |γ ∈ L}. We define a twisted group algebra structure on C[L] by e α e β = F (α, β)e α+β .
We define the tensor space
and define the action of h on V [Γ] as follows
Then the space V [L] has a natural Z 2 -gradation:
is the vector space spanned by e α ⊗ β ⊗ t −j with α, β ∈ L; j ∈ Z + such that (α, α) ∈ 2Z (resp.(α, α) ∈ 2Z + 1). For α ∈ L, we define
and introduce the operator z α(0) as follows:
where for β, γ ∈ L and j ∈ Z + . Define the vertex operator Y (α, z):
and denote by
Expand X(α, z) in powers of z:
Note the components X(α, j) are well-defined operators.
In addition, for α ∈ L, we define
Proof. 1), 2) and 4) are direct consequences of Lemma 1.8 in [17] . For 3), we refer the reader to [5] .
In the following, we will give a representation of T(A)) on the tensor space V [L]⊗F. It is easy to see that there is a Z 2 −gradation on this space with the parity given by p(e α ⊗x⊗y) = p(α) for α ∈ L, x ∈ S( j<0 (h⊗t j ), y ∈ F. The vertex operators X(α, z), α(z) act on the first component and the bosonic fields u(z) act on the second component. It follows that
For any two fields a(z), b(w) with fixed parity, we define the normal ordered product by:
where a ± (z) is defined as usual. Furthermore, we define the contraction of two fields a(z), b(w) by
We recall the general operator product expansion [12] . Suppose a(z), b(w) are two fields such that
where N is a positive integer and c j (w) are formal distributions in the indeterminate z, then we have that
Proof. These are direct results of Proposition 3.1 and the OPE.
The following well-known Wick's theorem is useful for calculating the operator product expansions of normally ordered products of free fields. 
then we have that
where the subscript
. , B js are removed and the sign ± is obtained by the rule: each permutation of the adjacent odd fields changes the sign.
Now we state the main result in this paper.
Theorem 3.5. The map defined below 
For 1 i n − 1, we have that
For n + 1 i m + n − 1, we have that
and 
All the rest can be checked by straightforward calculation, for examples
where have use the property β(z) = −c(z) + ε 1 (z) and : c(z)ε * 2 (z) := 0
By proposition 3.2, we have
and others can be proved similarly.
Secondly, we can check 2) case by case by using Proposition 3.2 and we include the following examples 
